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Chapter 1

Introduction

1.1 Introduction

Nowadays digital communication is present in every aspéaouo lives: satel-
lite data transmissions, network transmissions, comgilgdransfers, radio com-
munications, cellular communications, etc. These trassioms transfer data in-
formation through a channel that is prone to error. An ecarecting code al-
lows the receiver to identify the intended transmissione Tiain idea of error-
correcting coding and decoding is to modify the data befaesmission so that
after the possibly errors crept into the message, the recean deduce what the
intended data was without having to request a retransmissio

There are many different approaches to modify the data éé&fansmission, each
with various methods to recover the intended message frermtissage with er-
rors.

The idea of error-correcting codes came with the developrokethe computer
technology industry. In the late 1930s Bell Telephone Latmtes built one of
the first mechanical relay computers. This computer is erdikything currently
in use. However, the mechanical relay computer while exegwat program was
prone to errors like today’s computers. In 1947 Richard WmHang conducted
calculations on the mechanical relay computer at Bell Tedep Laboratories and
found himself constantly re-running his programs due toot@r halts. In an in-
terview Hamming says:

"Two weekends in a row | came in and found that all my stuff haerbdumped
and nothing was done. And so | said to myself: "Damn it, if thechne can
detect an error, why can't it locate the position of the eramrd correct it?”

The relay computers operated with self-checking codes @ilg machine would
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detect the error then halt the current job and move to the g coding tech-
nique used is similar to a repetition code.

With this coding technique the relay computer halted twohoeé¢ times a day.
The need for a better code was indispensable once the confpdamel 000
times faster, so the computer would stop two or three huntiimezs a day. Ham-
ming knew that if a repetition code was to be used, the relagpeder would
grow in size as the computer became faster. So Hamming iestensingle error-
correcting code, thf, 4]-Hamming Code. In the next section and further we will
look at this code.

This Master’s Thesis first gives an example of the consiuaatf the binany7, 4]-
Hamming Code, then | shall treat two classes of decoderddokltodesmajor-

ity decodingandlocator decoding The main goal is to study locator decoding,
the most interesting and most important class of decodessexamples of this,
we study theSugiyamand theBerlekamp-Masseglgorithm.

1.2 The binary |7, 4]-Hamming Code

Binary codes are concerned with channels where the standdrdf information
Is a bit, it has the value or 1.

Suppose somebody wants to send four bits across a channe thieesrrors that
can occur are changings into 1's and1’'s into 0’s. To encode the 4-bit word
with the[7, 4]-Hamming code, place the value of biinto areal in the following
diagram, bit2 in area2, and so on.

A B

/)
N
&

C

Figure 1.1: The Venn diagram for tiie 4]-Hamming code.

Into the area$, 6, and7 place a) or al in such a way that each circle A, B and
C contains an even number 0§. Read the seven values back out of the diagram
into a7-bit word. The firstd values are the word to be sent and the placésand

7 are determined by the bits in their corresponding areasailidggram.

This 7-bit word is called theeodewordand that is the word that will be sent across
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the channel. To decode this, the receiver should place kifisough7 into their
positions in the diagram, determine which circles have ahragnmber ofl’s, turn
the bit from a0 to a1 or from al to a0 of the area which influences exactly those
circles, then read the values of aré@atirough4. If only one error occurred, then
this coding will always correct the received word.

Example 1 Suppose the sender wants to séfdl. Then only circle A has an
odd number ofi’s, so only positiorb should bel. The codeword foi011 is
1011100. Now suppose the receiver receiv@91100 instead ofl011100. There
is one error made so we can correct it. The receiver placeselts back into
their positions in the diagram and counts tie in each of the circles. Circle
A and circle C have an odd number 8k, so he assumes argawas in error
and correctly deduces that the word sent was1100, thus our message i911.
Notice that if an error occurs in bi, 6 or 7, the receiver will be able to identify
the error, but it doesn't affect the message word. O

1.3 Notations and definitions

More abstractly, consider every possible message the saright wish to send
as a string of elements of a field
Then we can define a code of lengtlas follows

Definition 1 (code of lengthn) A code of length is a (nonempty) subsét of
F". An element € C'is a codeword.

In this paper | will only consider finite fields, denotedigsthe field ofg elements.
A codeC is then a subset d .

Definition 2 (alphabet) The alphabet is the set of symbols from which codewords
can be composed.

Definition 3 (distance) The distance (Hamming distance) of two woxrdand y
of equal length is the number of positions in whichndy differ. This is denoted

d(z,y).
The minimum distance of a code is the smali¢sty) > 0 that occurs.

One can verify that distance applied to the set of words dajtlen forms a metric
space, which means that:

o d(z,y) >0,d(z,y) =0z =y;

o d(z,y) = d(y,v);
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o d(z,2) <d(z,y)+d(y, 2).

Definition 4 (weight) The weight wt(a) of is the number of nonzero components
of the sequence.

Note thatd(x, y) = wit(x — y).
Theorem 1 A code with minimum distaneg,;,, can correctt — %#‘1 errors.

PROOF: We define a sphere of radiusbout a vectoe; denoted byB(cy, ) as
follows:
B(Cl,T) = {02 € C | d(Cl,Cz) S 7"}

We prove that spheres of raditis- dmzﬁ about codewords are disjoint.
Suppose not. Let; andcs be distinct vectors i and assume thag(cq,t) N
B(ce,t) is nonempty. Suppose; € B(cy,t) N B(ce,t). Thend(cq,ca) <
d(cy,c3) + d(ca, c3) by the triangle inequality and this is 2¢ since the points
are in the spheres. No# < d,,;, — 1 so thatd(cy,c2) < dpin — 1 What is
impossible. This contradiction shows that the spheresifisat about codewords
are disjoint. This means thatifor fewer errors occur, the received vectgris
in a sphere of radiusabout a unique, closest codewerd We decodes tocy. O

The largest integer < (d,,.;, — 1)/2 is called the packing radius.

The data wordl is the message we want to send. The codewdsdtransmitted
through a channel, and the vectocalled the sense word is received at the output
of the channel.

Definition 5 (linear code) A linear codeC is a linear subspace df;

Theorem 2 For a linear codeC' the minimum distance is equal to the minimum
weight.

PROOF: d(z,y) = d(z — y,0) = wit(x — y). O
We shall denote a linear codéas ajn, k, d|-code if:

¢ n = length of the code

o k= dimg, (C)

o d=dpnmn



Chapter 2

Syndromes and Cyclic Codes

2.1 Syndromes

In this sectionC' is a linear[n, k, d]-code oveiF,. Our codeworda is transmitted
through a channel, and the sense worsireceived at the output of the channel. If
not more thary” components are in error the decoder must recover the codewor
(from which the data word can be derived) from the sense word.

I shall only consider words whose alphabet is a finite field.

Definition 6 (error) The error in thei-th component of the codeword ég =
V; — C;.

So the sense word can be seen as the codeword with anegtrer ¢ + e, and
the error vectoe is nonzero in at most components. A linear code over a finite
field IF, is associated with eheck matrix.

Definition 7 (parity check matrix) H is a (parity) check matrix fo€' if and only
if
e its rows are independent,

e C = {c € F|cH" = 0} (That is,C is the null space of the linear map:
x> x- HT).

ThereforeH is a(n — k) x n matrix and

vHT = (c + e)HT = eH”
REMARK: Note thatH” means the transpose H. The exponenf” here has
nothing to do with the packing radids

The parity check matrix helps us decoding a codeword, checikia word is a
codeword. We have also a matrix that generates codewagkxnerator matrix
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Definition 8 (generator matrix) A generator matrixG for a linear codeC' is a
k by n matrix for which the rows are a basis 6f.

We shall say that G is in standard form (often calteduced echelon formf
G =[I | Al.

Definition 9 (syndrome) For a linear code with check matrii, and a sense
word v, the syndrome vectaiss = vHT = eHT

Note that by definition of Hg = 0 if and only if v € C.
The task of decoding consists of two parts:

e Computing the syndrome vector= vHT, which is a linear operation tak
ing ann vector to am — k vector.

¢ Solving the equatios = eHT.

The task of decoding is now the task of solving these k£ equations for the
n-vectore of minimum weight € 7).

2.2 Dual code

Since we have the definition of codewords as vectoi§ int is natural to define
the 'inner product’ of two codewords = (z,...,z,) andy = (y1,...,¥y,) in
the natural wayz -y = 191 + - - - + T, Yn-

Further, two vectors x and y are orthogonal if and onlx ify = 0. With these
definitions, we can look at the set of all vectorsffnwhich are orthogonal to all
vectors in C, called the dual code Gfand denoted’.

Theorem 3 If C'is an arbitrary linear code, thed'* is linear.

PROOF: Supposex andy are two vectors it© and a and b are elementsiof
Letz be a codeword i, then

(ax+by)-z=a(x-2z)+b(y - 2)
= a(0) + b(0)
=0

and soax + by is also inC+. O.

Theorem 4 If C'is a linear[n, k]-code, then the dual codé" of C is a linear
[n,n — k]-code.



2.3 Example: The(7, 4)-Hamming Code 8

PROOF: If the codeC overF, has basidci, ..., c;} thenC* is precisely

C1 Qo
{(G’Oa"':anfl)e]F:” : :0}
Ck ap—1

The matrix with thec;’'s as rows has rank and thus the dimension of the null
space is» — k. Hence,C'* has dimensiom — k. O

2.3 Example: The(7,4)-Hamming Code

Let us now see how we can construct the check matrix for our rHiaign code.
According to the Venn diagram we must have an even numbérsoh each
circle. In other words(' is fully specified as those’s that satisfy the following
equations

.CL’1+1‘3+.’E4+1‘5:0
.CL’1+1‘2+.’E4+1‘6:0
$1+$2+$3+$7:0.

In matrix form this is written asHT = 0 where

1 01 1100
H=|1 101 0 1 0] isthe parity check matrix,
1110001
andx = (zy, ..., z7) with zq, ..., 27 the information symbols andk, . . ., z; the
parity checks.

This matrix cancheckif a word is really a codeword. For example, suppose we
received the following word:
(111000 0).

We want to see if errors have been occurred during transmnisSio we multiply
by the transpose of our check matrix:

1110100\ [1
(111000001 11010f =10
1011001 0

We see immediately that the error occurred in posifion
Now we have described a method of decoding a word using g/ udugick matrix.
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As we know from the definition of a generator matrix given efdhe rows of it
form a basis of”'.

A generator matrix for thér, 4)-Hamming code is (in standard form)
1000111
a— 0100011
0010101
0001110
To encode for exampl@ 011), the multiplication is carried out as follows
1000111
0100011
(1 01 1) 0010101 =(1 01110 0
0001110

which happily is the same result as when the Venn diagrameid.us

Now that we know something more about fliel|-Hamming code | want to prove
that itis a linear code.

Theorem 5 The[7, 4]-Hamming code is a linear code.

PROOF: SupposeH is the parity check matrix for thg, 4]-Hamming code”,
andx,y € C thatis,xHT = 0 andyH™ = 0. Leta,b € F,. Then

(ax + by)H" = axH" + byH" =a-0+b-0=0
soax + by € C'andC'is linear. O

Theorem 6 (Hamming distance) The(7, 4)-Hamming code&' with parity check
matrix H has Hamming distancg and so isl-error-correcting.

PROOF: We will prove this by showing that all nonzero codeword<’irhave
weight at leasB. Supposex = (z1,...,27) € C has weightl, that is,z; = 1
for somei, with z; = 0 for all j # i. This contradicts thatH™ = 0 since noi*"
column ofH consists of all zeros, as it would need to be.

Next supposa € C has weigh®, and letr; = z; = 1 with z;, = 0 for all £ other
thanj andi. Denoting thes-th row of H by hyq, hso, ..., hsr, We have, since
is orthogonal to each row iH that for alll < s < n —k, hs + hs; = 0 which
under modul®@ meansh,; = h,;. This would mean that some two columnskf
were identical, which no two are, and we have reached a ahotien.

Finally, consider the codewor@, 1,0, 0,0, 1, 1), which satisfies the parity check
matrix. It has weigh8, and so we have provet{C) = 3. O
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2.4 Cyclic codes

Cyclic codes are much studied and very useful error comgcibdes. BCH codes
(developed by Bose, Chaudhuri, and Hocquenghem) are a nggriant type
of cyclic codes. Reed-Solomon codes are a special type of Batids that are
commonly used in compact disc players. The cyclic codes Wewplore in this
paper are also linear codes.

Definition 10 (cyclic codes)A code is called cyclic ifc,, ¢y, c1,...,¢,1) IS @
codeword whenevéry, ¢y, . .., c,_1,¢,) IS also a codeword.

The most important tool in the description of cyclic codeghis isomorphism
betweert; andF,[+]/(z" — 1). We can make the following identification:

F? 5 (o, €1, .0y Cnm1) € Co+ 1T + ..+ gz € Fyla]/ (2" — 1)

We shall often speak of a codewoedas the codeword(z). Extending this, we
interpret a linear code as a subsefpfz]/(+" — 1).

Theorem 7 Alinear codeC' in I} is cyclic if and only iiC' is an ideal inF, [z] / (2" —

1).
PROOF:

e If Cisanideal ifF,[z]/(z"—1) andc(z) = co+ci1z+. . .+c, 12" is any
codeword, therc(z) is also a codeword i.€c,, 1, ¢q,¢1,...,¢n 2) € C.

e If C is cyclic, then for every codewordz) the wordzc(x) is also inC'.
Thereforez’c(z) is in C for everyi, and sinceC is lineara(x)c(z) is also
in C for every polynomiak(x). HenceC' is an ideal. O

From now on we only consider cyclic codes of lengtbverF, with GCD(n, q) =
1.

The ringF,[z]/(2™ — 1) is a principal ideal ring so each ideal in this ring is a
principal ideal. This means that every element in an idesla multiple of a fixed
monic polynomial of lowest degregx): g(z) generate$ (notice thaty(x) is not
necessarily the only polynomial that generatsin other wordsy(x) generates

a cyclic code of length. This polynomial(x) is called the generator polynomial
of the cyclic code.

The generator polynomial is a divisor.of — 1 (since otherwise the greatest com-
mon divisor ofz" — 1 and g(x) would be a polynomial irC' of degree lower
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than the degree af(z)). Letz” — 1 = fi(z) fa(z) . .. fi(x) be the decomposition
of 2™ — 1 into irreducible factors. We can now find all cyclic codes efigthn
by picking (in every possible way) one of thé factors ofz™ — 1 as generator
polynomialg(x) and defining the corresponding code to be the set of multgfles
g(x) mod(z" — 1).

If we want to encode messages of lengtive must find a generator polynomial
of degreen — dim(C') =n — k.

Theorem 8 LetC' be a cyclic code ovefr, with generator polynomigj(z). Then
the degree ofi(x) is equal ton — k.

PROOF: Since each code word must be divisibledfy:) and has degree at most
n, it can be written ad(z)g(x) with degree ofi(x) less tham — ded¢(z)). Since
C' has dimensiort, we can conclude thdt = n — dedg(z)), thus dedg(z)) =
n—k. O

Example 2 We try to find a generating polynomial for an arbitrary coddesfgth

n = 15 which will encode messages of lengtk- 7.

If we are to find a generator for a code of lengthto encode messages of length
7 we need to find a divisor af'® + 1 of degreel5 — 7 = 8.

The polynomiak!'® + 1 can be written as

P4 1= (14 2) (1 e+ a?)(1+ o+ 0+ 2%+ 2') (1 + o+ o) (1+ 2%+ o)
SO we can choose
g@)=0+z+22+2 +2YY (1 +2+2Y) =1+ 2 +2° 4+ 27 4+ 28

Using this generator polynomial we can create a code withimim distance

and thus correc® errors. Now that we have a generator polynomial we can use
it to encode for exampl@110110). The polynomial corresponding to this vector
isx + 2? + 2! + 25, To encode it, we multiply this hyz):

(z4+2>+2' +2°) 1+ 2 +2° + 2" +2%) =

v+’ +at+ 2%+ 2"+ 2% + 27 + 2P
Thus the word0110110) is encoded to the codewo(d11010111100010). O
If g(x) has degree. — k then the codewordg(x), zg(z), ..., 2% 1g(z) clearly

form a basis fo”' (C'is an[n, k]-code). Hence, if(x) = go+g12+. . .+ gn_pax™ *
then
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gO gl o gn—k 0 0 . 0
G 0 go -+ Gnk-1 Gntr 0 ... 0
0 0 ... go 91 -+ Gn_k

is a generator matrix fo€. This means that we encode a data messhge
(do,dy, . ..,dx_1) asdG which is the polynomial

(do + dyx + ... + dp_12* V) g(x)

Sinceg(z) is a divisor ofz™ — 1 there is a polynomidt(z) = ho+hiz+. . .+hpa?
such thatg(z)h(z) = 2™ — 1 (in F,[z]). In the ringF,[z]/(z" — 1) we have
g(x)h(xz) = 0. It follows that

0 0 0 hey ... hi hg
I 0 0 hg ... hy hg O
hy oo hy hg 0 ... 0

is a parity check matrix for the code. We calli(x) thecheck polynomiabf C'.
The codeC consists of alk(z) such that(z)h(z) = 0.

2.4.1 BCH and Reed-Solomon codes

Hocquenghem (1959) and Bose and Ray-Chaudhuri (1960) emdiemtly dis-
covered an important class of linear cyclic codes which Enab to correct sev-
eral errors. These are polynomial cotlesd are now called Bose-Chaudhuri-
Hocquenghem codes (BCH codes). Recall that a polynomia odetermined
as soon as the generator polynomial is determined.

Definition 11 (BCH code) A cyclic code of length n ovéF, is called a BCH
code of minimum distancgif its generator polynomia () is the least common
multiple of the minimal polynomials of', ..., a? ! wherea is a primitiven-th
root of unity. Ifn = ¢™ — 1, (so ifa is a primitive element df,» ), then the BCH
code is called primitive.

Note that the minimum distanekof the above definition is a essentially different
than thed given in definition 3.

Theorem 9 The BCH code of minimum distanéé&as minimum distance at least
d.

Yrom now on we call the code words iy [z]/(z™ — 1), polynomial codes
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PROOF: Let h(x) be any polynomial oveF, which hasa, o?,. .., a%! among
its roots. Letm;(z) be the minimal polynomial of’ then

mi(z) | h(x),V1<i<d-1

and hencegy(x)|h(z). Thusg(z) is the polynomial of least possible degree with
rootse, o2, ..., a% .

If ¢(x) is a code polynomial then we havér) = a(z)g(z) for somea(z) €
F,[z] and thusy, o?,. .., % ! are zeros of(z). The code generated hyz) has
minimum distance at leastif there is no code wordcy, ¢4, . . ., ¢, 1) with less
thand non-zero entries.

Suppose, on the contrary, that a code word has lessithan-zero entries. Then
the corresponding polynomial code is of the form

c(x) = byx™ 4 box™ 4 -+ - + bg_qz"4!
whereby, by, ...,bs—1 € F, and also, we may assume that > ny > --- >
ng—1 > 0.

Since the code is of length, every code polynomial is of degree at mest 1

and thereforey; < n — 1. We have thaty, o?, . .., a4~! are roots of:(z), which
implies

blOénl + -4 bdflOéndfl =0

2 2ng_
blOénl—F"'—de,lOénd 1

bla(d_l)nl S bd_la(d_l)nd_l = 0.

In matrix form:

by a™ a™ . Q-1
by a®m oL ®nd-1
A ) = 0 whereA = , , . ) (2.1)
by 1 Qd-Dm gd-Dms (AU

We know from linear algebra that the determinantiok equal to

detd = [, ;(a™ — a”). Now (2.1) is a system of — 1 homogeneous linear
equations inl — 1 variables, ..., b, 1 and detA) # 0. Therefore the system of
equations admits only the zero solution aitd) = 0. Hence there is no non-zero
code word with less thai non-zero entries and the code has minimum distance
at leastd. O
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Example 3 As an example we are going to construct a binary BCH code gtlten
7 and minimum distancg We need to construct an extensioriFefof degreep
where2? —1 is a multiple of7. Thus we takg = 3. We know thaf, [z]/(z®+2+1)

is a field of order8 and thata = z + (2* + = + 1) is a primitive element of
Fy[x]/(z* + = + 1). Thena satisfiess® + o+ 1 =0anda” =1 andz® + z + 1
is the minimal polynomial of. We taker® + = + 1 as a generator polynomial for
our code.

The data polynomials are of degree at mdstf d(z) = dy + dix + dox? + d3a®
is an arbitrary data polynomial, the corresponding codeypamial isd(x) (2 +
T+ 1) = (dg, d1 + dg, dQ + dl, d3 + dQ + dg, d3 + dl, dQ, d3)

It is easy to see that the minimum possible weight for thitoves3, therefore the
code has minimum distange

If we had started with the primitive polynomial+2z2+1, the corresponding BCH
code with code word lengthand minimum distance at lea3ts the polynomial
code with generator polynomiaf + 22 + 1.

Notice that this is th¢7, 4]-Hamming code as explained before. O

One of the simplest examples of BCH codes, namely the gaseq — 1, turns
out, as we shall see later, to have many important applitsitio

Definition 12 (Reed-Solomon)A Reed-Solomon code is a primitive BCH code
of lengthn = ¢ — 1 overF,. The generator polynomial of such a code has the
formg(z) = Hf:—ll (x — ') wherea is a primitive element.

Because decoding algorithms for cyclic codes are oftengugioperties of the
Fourier transform, we shall present its relevant propgtiere.

2.4.2 Fourier transform

The (discrete) Fourier transform can be defined as follows:

Definition 13 (Fourier Transform) Letv be a vector of length over the field
F. Letw be an element d&f of ordern. The Fourier Transform o¥ is given by

n—1
V=o,.... Vo), WithV; => whu;, j=0,....n—1

1=0

The vectofV is called thd=ourier spectrumand the components &f thespectral
componentsif F has no elements of order, then a Fourier transform does not
exist.
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If V is the Fourier transform of, thenv can be recovered froW by the in-
verse Fourier transforpwhich is given by

PROOF:

The sum ovek is clearly equal toe if [ = 4. But if [ is not equal ta, then the
summation becomes

n—1 . __1__(ﬂfafﬂn

—(l-1) -z
(w )" = 1 — =)

Notice thatl — w=(=9 £ 0, because-n < [ — 1 < nandl — i # 0.
This is equal to zero because™ = 1. Hence

n—1 n—1
E w kY, = E v;(ndy) = nv;
k=0 =0

whered;; = 1 if © = [ and otherwisé; = 0. O



Chapter 3
Majority Decoding

Majority decoding is a method of decoding which finds the extwy a majority
vote. This type of decoding is only suitable for small codest must be decoded
quickly and simply.

As an example we consider the Reed-Muller codes. For degtla@se, a majority
algorithm called the Reed algorithm is very suitable.

3.1 Reed-Muller Codes

Reed-Muller codes are a class of linear codes @yethat can be decoded by a
simple voting technique. Although this class of codes cagdreeralized to other
fields, we shall only discuss the binary case.

Letv = (vq,...,v,) denote a vector ify*. We shall choose the ’lexicographi-
cal’ ordering of the2™ = n points of F}’, where the first coordinate is the most
significant. The successive pointsIéf are named,, v, ..., v,. For example,
whenm = 3, one gets in this way

v, = (0,0,0)
7o = (0,0,1)
v3 = (0,1,0)
vy =(0,1,1)
75 = (1,0,0)
vg = (1,0,1)
o7 = (1,1,0)
vg = (1,1,1)
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Definition 14 (Reed-Muller code) Let0 < r < m. Consider the linear space
L,,(r) of all polynomials oveff, of degree at mostin m variables. Put, = 2™
and consider the evaluation map:

€ev :

Lin(r) — T3
f= (f(0n), f(Ba), ...

Then the r-th order binary Reed-Muller cod@V/(r, m) of length2™ = n is

RM (r,m) = ev(Ly(r)).

In other words, evaluate afl with deg(f) < r atoy, vs, ..., Up.

Example 4 (RM(1,3)) The first order Reed-Muller code of lengtltonsist of the

16 codewords

agl + a1vy + asve + azvs, a; = Oor1

which are shown below

0
Vi
Vo

V3

V1+V2
Vi + Vs

V2+V3

V1+V2+V3

1

1+V1
1+V2
1+V3

1+vy+vs
1+ vy +vs
1+ vy + vg
1+vy+ve+vy

00000000
00001111
00110011
01010101
00111100
01011010
01100110
01101001
11111111
11110000
11001100
10101010
11000011
10100101
10011001

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(10010110

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
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There are exactly”") distinct monomials of degreein m variables in which no
variables occurs to a power 2, the power i) or 1 . The total number of distinct
monomials of degree at mosts:

() () -

In this section we want to prove that the dimension of thisecsd and that it
has minimal distance equal 25"~

Theorem 10 RM (r, m) has dimension equal te.

In order to prove that the dimension of the Reed-Muller calg, iwe define
L! (r) to be the subspace @f,(r) spanned by this type of monomials. Note that
dim(L! ,(r)) = k.

Proposition 1 The evaluation map
ev: L (r)—Fy
IS injective.

PROOF: It is clear that if the evaluation map is injective foe= m it is also for
smallerr. Consider therefore = m, then we havel + (7) + - + (") =
2m = dim(L!,(m)). Notice that dintFy) = n = 2™ = dim(L],(m)), we
know now from linear algebra that if the evaluation map igesiive it is also
injective because both spaces have the same dimensiond€otige polynomial
F =T1I[",(z; + a; + 1) € Ly, (r). This polynomial attains the valuefor x = a
and is zero at all other points @,'. Each vector with weight one iR} is an
element of RM (m,m), henceFy; < RM(m,m) < F}, so RM(m,m) = Fj.
Therefore the evaluation map is surjective and also injecti O

Proposition 2 e L (1)) = e L,,(r))

PROOF: x? = x for x € F, implies thatf (zq, ..., 2%, ..., 2n) = f(z1,. .., 2

s g

for every polynomialf (x), from which the result follows. O

~—

We can conclude now that the vectors corresponding to themis inL! ()
form a basis for the code and the code has dimenision O

For example whem = 4 the 16 possible basis vectors for Reed-Muller codes of
length16 are shown below
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vo=1=(1111111111111111)
v, = (0000000011111111)

vy = (0000111100001111)

v, = (0011001100110011)

vi = (0101010101010101)
vyvy = (0000000000001111)
vyvy = (0000000000110011)
vivy = (0000000001010101)
vavs = (0000001100000011)
vivs = (0000010100000101)
vivy = (0001000100010001)
vyvavy = (0000000000000011)
vivavy = (0000000000000101)
v1vavy = (0000000000001001)
v1vavs = (0000000100000001)
v1vavsvy = (0000000000000001)

3.1.1 Reed algorithm

The Reed algorithm for decoding a Reed-Muller code can béamau by an
example. Consider the second order codenor 4, the[16, 11, 4]-Reed-Muller
code.

The Reed algorithm is unusual in that it does not computersynes or the error
pattern. It computes the data symbols directly form thesenmsd.

Example 5 As we have seen the generator matrix of this code is:
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111111111111 1111
0 0000O0O0OO0OT1TT1TT1T111T11
0000111 1000O01T1T171
001 1001100110011
0601 0101010101010 1
G=|10000000O0OO0OO0OO0OO0OT1TT1TT11
0 000O0O0OO0OOODOTTT1TO0O0OT1
0 0000O0OO0ODO0OO0ODTOT1TO0OT1TO0O?1
0 0000O0O1TT1O0O0O0O0OO0OO0OT1
0 000O01O0O1TO0O0O0O0OO0OT1TO0?1
0 001 00010001000 1]
Thell data symbolg, ..., d;, are coded into the vector:

dovo + divy + dovs + d3vy + dyvy
+dsV3vy + dgVvavy + d7vivy + dgvavs + dgvivs
+digvive = (Co, .., C15)
The problem is to determine the d’s from the received worad @verrors have
occurred.

The sum of the first four components (as elemeni pis zero for every basis
vector except;vy. Thus if no error occurs:

Co+Cl+CQ+C3:d10

the same is true for the next four components and furtheresbave:

C4+C5+06+C7:d10
Cg+Cg+Clo+C11:d10

c12 + €13 + 14 + €15 = dy

So there are four independent determinationg/@f in general there would be
2" independent determinations. If there is an error in it, ilyooan affect one
determination and sd;, is equal to the value occurring most frequently. If the
errors made are at mogf*~"~! — 1 = 1, d;, will still be decoded correctly.

If we take the first component, the fifth, the ninth and theehirth and so further
we get equations faf;. Similar we can determing;, d,, dg anddy.

After these have been determined,

dsvavy + dgvavy + d7vivy + dgvavs

+d9V1V3 + d10V1V2
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can be subtracted from the received word. This would leaabgence of errors:

!

r = doVo +d1V4+d2V3 +d3V2 +d4V1
(L
= (co, ¢y, €5, €5, ¢4)

Andd,, ..., ds can be determined as above:

_ A | A | A | A | /

/ / / / / /
= Cp T €1 = Cg T 613 = Cy +Cp5
Similar equations hold fod,, ..., d4. Finally, in the absence of errors, we have
I‘I — d4V1 — d3V2 — d2V3 — d1V4 = dUVU

This should be all 0's itl, = 0, all 1's if d; = 1 andd, can be taken to which
occurs most. O

Since this decoding algorithm can correct all combinatmfi®"—"~! — 1 or fewer
errors, the minimal distance must be at legt" ™! — 1) +1=2""—1, and
since the code vectors all have even weight (because theeiofagbasis vector
from L, (r) has even weight), it must be at lea8t ". But the last basis vector
has weigh™~", so this is exactly the minimum distance.

If » = m we have already concluded that the code is the whole spacand
therefore has minimum distante



Chapter 4

Locator decoding

There are a lot of decoding algorithms basedawator decoding Each of these
algorithms is based on the use of a certain polynomial(é¢her)-locator poly-
nomial We shall denote this locator polynomial &6x). Locator decoding uses
much of the algebraic properties of the (finite) field. Thelg@@thms are very
suitable for large codes.

4.1 Locator polynomials and the Peterson algorithm

BCH codes are cyclic codes and hence can be decoded by amygieelior de-
coding cyclic codes. The algorithm studied in this secti@s \first developed by
Peterson for binary cyclic codes.

Suppose we want to decode a BCH code. The error polynomial is:

e(z) =eg+ex+--+e, 12" !

where at most coefficients are nonzero. Suppose thatrrors actually occur,
0 < v < t and that they occur in unknown locationsi,,...,,. The error
polynomial can be written

e(r) = e " + e,z 4+ -+ ey,

wheree;, is the magnitude of thé-th error ¢;, = 1 for binary codes).

We do not knowiy, . . ., 7, neither do we know; , ..., e;,. In fact, we do not even
know the value of .

These must be computed to correct the errors. Evaluate teeveel polynomial
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ato to obtain the syndrontes;:
S1=v(a) = c(a) + e(a) = e(a)
= e, " + e, + -+ e a
Similarly, we can evaluate the received polynomial at ed¢h@powers oftx:
S;=e(ad)forj=1,...,2t

Note that doing this is the same as using the Fourier tramstorcompute the
syndromes.

Our task is now to find the unknowns given the syndromes. Bhasproblem of
solving a system of equations

S| =e,a" +e,a” + -+ e

S2t — eila2t21 + 62'2062“2 R e, 042“”

wheree;, is the magnitude of thé— th error andv the number of errors that have
occurred.

The set of equations is too difficult to solve directly. Irestewe define some
variables that can be computed from the syndromes and froichwhe error
locations can then be computed.

Definition 15 (error locator polynomial) The (error) locator polynomiah (z) =
Az’ 4+ Ay 2"+ --- + Az + 1 is defined to be the polynomial with zeros at
alla=“for¢=1,...,v. Thatis

v

A(z) = H(l — za™)

=1

If we knew the coefficients of (x), we could find the zeros of(z) to obtain the
error locations. Therefore we want to compite. . ., A, from the syndromes.

Theorem 11 (Convolution theorem) Suppose that
ei:figia i1=0,...,n—1
Then

n—1

1 .
Ej:gZF(jfk)moerkfor]:0,...,n—1,
k=0

with E, F andG the Fourier transforms of, f and g respectively.

Lactually it is the syndrome spectrum
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This theorem can easily be proved just by taking the Fouraersform ofe, =

fi9i-

Clearly,A(a ) equals zero if and only ifis an error location. ThereforgA (o %) =
0 for all  and thus by the convolution theorem:

n—1
ZAJ'E]C,]':O, k:O,...,n—l,

§=0

where we can conclude thA{z) E(xz) = 0 (modz™ — 1).
Because\(x) is a polynomial of degree at mostA; = 0 for j > ¢. Then

t
ZAJ'E]C,]':O, k:O,,n—l

J=0

Because\, equals one, this can be rewritten in the form

t
Ey=-Y NE_;=0, k=0,...,n—1.

i=1

This is a set of linear equations relating the error specfamd so the syndromes)
to the coefficients of\(z). We can write this in matrix form:

E,y E .o --- E Ay E,
E, E., --- E Ay _ Ein
Ey_o Eyz - E_i| |\ By

Note that the degree of(x) is at most thus the matrix can be smaller if less then
errors occur. This system can be solved by inverting theiréitis nonsingular.

| want now to give a theorem (without proof!) which gives caimhs implying
that the matrix above is nonsingular:

Theorem 12 The matrix is nonsingular if it is & by v matrix.

One can prove this theorem by using that the Vandermondexmsatronsingular,
and a little linear algebra. For the exact proof sged¢hapterr.

Now we can find the correct value of we assume = ¢ and compute the deter-
minant of the matrix. If it is nonzero, this is the correctualofr. Otherwise, if

the determinant is zero, reduce the assumed valuehyfone and repeat. Con-
tinue in this way until a nonzero determinant is obtainede &btual number of
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errors that occurred is then known. Next, invert the matrid aompute\(z).
Find the zeros of\(z) to find the error locations. Usually, because there are only
a finite number of elements to check, the simplest way to fiedz#éros of\(z) is

by trial and error. One simply computes in tukifio’) for each; and checks for
zero.

4.1.1 Example of the Peterson algorithm

As an example we are going to decodéa 9]-Reed-Solomon code using the Pe-
terson algorithm. Thi§l5, 9]-Reed-Solomon is a code oVgf;. Becauser = 15

is of the formg™ — 1 we know thatv = a wherea is a primitive element oF4
satisfyinga? + a +1 =0,

From the definition of the Reed-Solomon code (definition h2)generator poly-
nomial for this code has degree— 1. From theorem 8 and 9 we have that the
minimum distance for this code is at least k£ + 1. The dimension of this code
is at mosth — d + 1 and thusi! < n — k+ 1. We can conclude that=n — k£ + 1.
We shall study in this example tlji5, 9, 7] code.

Suppose that the data word, codeword and the sense wordspextigely:

d=0,0,0,0,0,0,0,0,0
c=0,0,0,0,0,0,0,0,0,0,0,0,0,0,0
v=0,0,a'",0,0,0°0,,0,0,0,0,0,0,0

We first want to calculate the si2#, ¢ = 3) components of the Fourier transform.
| will write each of these components in the forthi = 0, ..., 14 not because it
is easier to work with but because it is easier to write downw8 get:

V= _a51a82753a54755a867 BN

inwhicha!? = a3 + o' + a8, 1 = 3a!5, etc.

We choose these six syndromes to work with and try to caletifet error-spectrum.
These syndromes are equal to the corresponding comporfdat3 bus we want
to solve:

53 SQ Sl A1 54
54 53 SQ A2 - - SS
S5 54 53 A3 SG

Thus,
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-1
A a1 o2 o3 ol
Ao| = ot ot 1 1| =]at
As 1 o ot ol ol

And so we have our locator polynomial:

Az) = 1+ oMz + alla? + ol

=14+ (1+a*)z+ (> + a+a®)2” + (1+a?)2?

Then we use the recursid; = — 37, _, A,E;  to generate the complete error
spectrum:

Er=MEs+ MEs+ Ay =a" o' +a'" 1+ a® =0’

Fy=a"-o"+a'-a' +aM-1=1

Finally we have:
E = (o, a0 1,a", 0", 1,a'",0° 1,0°% a",1,a'%, 0 1)
And then we can easily compute the error veetasing the inverse Fourier trans-

form.

As an alternative of computing the error spectrinfrom the recursion we can
also factorA(x) into:

Az) = (1+a*2)(1+a’z)(1+ ')

to find that the errors occurred at positions 2, 5 and 7 (by diefi).
n—1

Now we can write down (knowing that; = > ' e;w”) the following matrix
equation:

o> o a’ ey E,
ot a® ol les| = | By
b 1 af er Es

This matrix equation can simply be inverted to get the eregrss ande;. This
alternative method of the Peterson algorithm is calledRéerson-Gorenstein-
Zierler algorithm
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4.1.2 Linear complexity

Definition 16 (linear complexity) The linear complexity of the (finite or infinite)
sequencé” = Vy, V4, ..., V, ; is the smallest value L for with the which a recur-
sion

L
Vi=—=Y AVij, k=Ly,....r—1

j=1
exists that will produce the rest of the sequehciom its firstL. components.

The linear complexity of” will be denoted a<.(V').
For a finite sequence of length Z (V") is always well defined and is at most

Definition 17 The recursion
L
Vi==2 AV
j=1

of smallest. that will produce a sequenc®;, V1, ..., V,_;) isdenoted byA(z), L).

It is easy to see that we can identify the following:

Ei v Eio -+ E Ay Ey
Ey By oo By | Ay Ei
Ey o Ey3 -+ Eiaf| [My Ey o
(A(z), L) +—

A(z)E(z) modz? = p(z) with p(z) a polynomial with defp(z)) < t — 1

From the matrix equation we can calculdgin terms ofEy, ..., E;,_1, E;q
interms ofEy, . . ., E;, etc. From the linearity of the Fourier transform d@ftwe
can conclude tha$; = V; = E; and thus we can identify the matrix equation
with (A(z), L).

From the convolution theorem (theorem 11) we know th@t) £(x) mod (2™ —
1) = 0 and thus\(z) E(z) modz?* = p(x) and we have identifie\ (), L) with
A(z)E(z) modz? = p(x).
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Theorem 13 (Agreement theorem)If (A(z), L) and (A'(x), L") both produce
Vo,Vi,...,V,yandifr > L + L' then

L

Ll
= MV ==> AV
k=1

k=1
PROOF: We have

L
Vi==> AVigi=L,...r—1
7=1

L/
Vi==Y NViji=L,. .. r—1
j=1
Because > L + L' we can write
LI
er—k = _ZA;‘/;"—k—jak = ]-a"'aL
j=1

and

L
Vick == AVipisk=1,....1
i=1

Now we have

L L L' L L L'
- Z AV = ZAk Z NVig—j = Z A ZAer—k—j =— ZA;'V;—j-
k=1 k=1 =1 k=1 =

i=1
O

Theorem 14 (Massey)If (A(x), L) is alinear recursion that producé$;, V1, ..., V, )
but (A(x), L) does not producéVy, Vi, ..., V, o, V, ), thenL(V) > r — L.

PROOF: Suppose that there exists a linear recurgiviiz), L') that produce¥
with L' < r — L. Then(A(z), L) and(A’(z), L") both producdg, Vi, ..., V,_y
andL'+ L < r —1. By theorem 13, both must produce the same value at iteration
r — 1, contrary to the assumption of the theorem. O

If the first8 components of the Fibonacci sequence are periodicallyategehen
we have:
1,1,2,3,5,8,13,21,1,1,2,3,5,8,13,21,1, 1, . ..

The Fibonacci sequence is produced by the recutsion, L) = (1 — z — 22, 2).
The linear complexity of this sequence is at least2 = 7.
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4.2 The algorithms

The Peterson algorithm, treated in sectiohand 4.1.1, is based on the solution
of the matrix equation

Eufl EI/72 e EO Al EI/
El/ Eufl e El A2 El/+1
E2y—2 EQV—E} e Eu—l AI/ EQV—I

For smally a matrix inversion is easy to do. The number of computatiats n
essary to invert @ by » matrix is proportional ta/3. But for codes that correct
a large number of errors one needs a more efficient methodpaiex inversion
requires too many computations. E. R. Berlekamp found suctethod. This
method relies on the structure of the matrix.

First we want to consider another decoding algorittime, Sugiyama algorithm
The Sugiyama algorithm is, as we shall see, based on thedeaadlialgorithm.

First we introduce a new polynomial that the Sugiyama atgorj treated in the
next section, will need.

Definition 18 (error-evaluator polynomial) The error-evaluator polynomial(z)
Is the unique polynomial of degreer which satisfies

['(x) = A(z)E(x)( modz")

The Sugiyama algorithm computes both the error-locatgmuhial and the error-
evaluator polynomial. This algorithm can be improved bynahiating the need to
compute'(z). The Berlekamp-Massey algorithm, which will be presenteskic-
tion 4.2.3, does not need to calculater).

Lemma 1 The error-evaluator polynomidl (z) satisfies

A(z)E(z)
1—

—T'(z) =

PROOF: Suppose
Az)E(z) _
o g()

Then we have\(z)E(z) = g(z)(z"™ — 1) = g(z)2" — g(x). We have also from
the definition ofl’(x):
A(z)E(z) = T'(x) modz”
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This becomes
g(x)z" — g(x) = T'(x) modz”.

Sinceg(z)z" = 0 modz” thus — g(z) =T'(z) modz”
The degree of (x) is at mostv — 1. If the degree ofj(x) is also at most — 1
then—g(z) = T'(x).
n + dedg(x)) = dedA(z)E(x))

dedg(z)) = dedA(z)) + ded E(x)) — n
<v4+n—-1—-n=v-1

Lemma 2 The error-evaluator polynomial satisfies
['(x) = A(z)E(x) modz" for anyr betweens andn.

PROOF: We know thatA(z)E(xz) = 0 (mod 2™ — 1). This can be written as
A(z)E(z) = —=T'(z)(z" — 1) = I'(x) — 2"T'(z), hence modula" for anyv <
r < n, we have
A(z)E(z) = I'(xz) modz”

O
In many books about locator decoding (for exampledhdnd [?]) and in many
articles about this subject one finds another definition efdiror-evaluator poly-
nomial:'(z) = Y77_, ej,0% [,.;(1 — ™). We want to prove that this definition
is the same as the one given above.

Theorem 15 The error-evaluator polynomial can be written
[(z) = Zejiaif H(l — ™)
j=1 ]

withe;; anda’ as in sectiont.1.

PROOF: We have

with

v

E(z) = ZEkxk’l andA(z) = H(l —a''z)

k=1 =1
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We know thatE), = Z}Z& alie;,, thus we can write

['(z) = E(z)A(z) modz?

2t v v
Z Z ei; aijxk_ll H(l — a'tz) modz?

k=1 j=1 ‘

= Zei]aif [(1 —a')
j=1

)
S
—

(o/jx)kll H(l — o'tx) modaz*

k=1 I#]

Note that

J=1 t#j
v
= Zei]a’f H(l —a'x)
Jj=1 L£j

4.2.1 Sugiyama algorithm

The Sugiyama algorithm inverts any system of equationsariighdF of the form

E,y E.o --- E Ay E,
E, E -+ By Ay _ B
Ey_o Eyz -+ E_i| [N By

This is the central problem of locator decoding. As we haemndeefore we have

t
i=1
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Recall the notations

2t—1

t
Ao=1, A(x) =) Aja/ andE(z) = ) Eja
§=0 §=0

We have now that the coefficients of the polynomial produet) E(x) are equal
to zeroforj =t¢,...,2t — 1.
Solving the original matrix equation is the same as solvirgggolynomial equa-
tion

A(z)E(z) = T'(z) (modz?)

for A(z) of degree at mostandI'(z) of degree at most— 1. With F(z) as input,
the Sugiyama algorithm solves this polynomial equation¥far) andl'(z).

Notice that the substeps of the Sugiyama algorithm are tme & the substeps
of the Euclidean algorithm for polynomials. We begin ifitilng a® (z) = 2%
andb®) = E(x). At iterationr let

a" V(z) = Q" (x)b" Y (z) + b™ (), with degb™ (x)) < degb" Y(z))

Definea) (z) = 6~V (z). In matrix form

[ngffﬁf] B [(1] —Q<}"><x)] [Zf:i;fi))]

and

The equation
b () = A%y () E(x) (mod x?)

which is of the desired form. To solve the problem we need tdim- for which
deg AY)(z)) < t and degh™ (z)) < ¢ — 1. We will satisfy the requirements by
choosing”’ as the value of satisfying de@'~) > ¢t and degh")) < ¢ — 1.
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We have a unique valué because dd@”)(z)) = 2t — 1, and the degree of" (z)
is strictly decreasing asbecomes larger.

It is easy to see that asbecomes larger, the degree/b(j;) (x) becomes larger:
For everyr we have

AR (x) = ALV (@) + QW (2) A% (x) by definition.
Becaused!, V(z) = AL, 2 (z) and degA\, V() < deg A, Y (z)) we have
deg AL, (x)) < deg Ay, (v))

We still only need to show that
deg Af, () <t

We know that

r=1
Since every matri 0 1
Y 1 Q" ()

of AT)(x)is(—1)"". Therefore, the earlier matrix equation can be invertedve g
)Ly | AR @) —AR@)| [a (@)
E(x)

—AS () AT (@)
It it clear that degA) (z)) > deg A\ (x)) and dega(™ (z)) > degd")(x)) and
thus

has determinant equal tel, the determinant

degz?) = deg A%, (x)) + dega™ (x))
this becomes

deg A})(z)) = deg2?) — deqa (z)) < 2t —t = ¢

because dég() (z)) = deg b~V (z)) > t.
And this proves the algorithm.

4.2.2 The Sugiyama algorithm in Maple

We are going to make a procedure in Maple that computes tlaédopolynomial
using the Sugiyama algorithm. The procedure is writterctiyrifollowing the
algorithm. For a binary cyclic code we have the Maple code:
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sugiyama:=proc (E)
local a, b, x, A, t, new_a, Q;

global loc;
x := indets(E)[]; #x need not to be the variable
t ;= 1/2*degree(E,x)+1/2;
#maximal errors one can correct
a = X (2*),
b = E;

A =11, 0], [0, 1]L;
while t <= degree(b,x) do
Q := 'mod‘(Quo(a,b,x),2); #binary code

new a := b;

b := ‘mod‘(simplify(a-Q*b),2);

a = new_a;

A = evalm(‘&*([[0, 1], [1, -Q].A))

od,;
L:=collect(‘mod’(simplify(A[2,2]),2),X);
#the locator polynomial
loc:=collect(‘mod*(simplify(L/subs(x=0,L)),2),x);
#the locator polynomial with L[1]=0
end:

To check this algorithm and as an example we are going to |lgaknaat the
[15,9, 7]-Reed-Solomon code, with the same vectors as in the Petalgporithm.
The word we have received is again

v=20,0,a'",0,0,0°0,0,0,0,0,0,0,0,0
As we have seen the locator polynomial for this word is
AMz)=1+1+aP)z+ (a+a?+a)2® + (1 + )2’

Now we want to see if we can get this polynomial using the pdocesugiyama
written in Maple. The first six components of the syndromectpen are again

a97a12’ 1,0(14,Oé13, 1

If we identify this with the polynomi&la® 4 a'%t + 2 + o'4t? 4+ o'?t* 4 > we
can use the sugiyama procedure

> alias(al=RootOf(x"4+x+1));
> sugiyama(al’9+al"12*t+t"2+al"14*t"3+al 13*t"4+t"5)

2note thatz need not be the variable
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And we get as output
(1+alP)t* + (al®> + al + al®)t* + (1 + al’)t + 1

what is indeed the locator polynomial as calculated before.

4.2.3 Berlekamp-Massey algorithm

Just like the Sugiyama algorithm, the Berlekamp-Massegralgn inverts a sys-
tem of equations in the field of the form

Ei v Ei o .-+ Ep Ay Ey
Et Etfl e El A2 . Et+1
E2t72 E2t73 e Etfl At EQtfl
More precisely, giverky, F1, . .., Ey_1 the algorithm will find the recursion

t
Ej=-> AMEj g j=t...2t—1
k=1
for which ¢ is smallest.

Suppose\ is known, and we find it has degree Then the first row of the above
matrix, witht = v definesk, in terms ofEy, ..., E,_;. The second row defines
E,.,interms ofEy, ..., E, and so forth.

We wish to findA(z) of smallest degree that produces the above sequence. The
smallest possible degree &fx) will be v, and there is only one locator polyno-
mial of degree’ because only then theby » matrix is invertible as we have seen
before.

The Berlekamp-Massey algorithm is an iterative procedorériding the shortest
recursion for producing successive terms of the sequénce

At the r-th step, the algorithm will find the shortest recursioi” (), L,.), that
produces the first terms of £. Thus,

L,
Ej==Y AN'Ej_ j=Ly,....r — 1.
k=1

Given(A™)(z), L,), the shortest recursion that produ¢g, . . ., E,_;), let A =
1 and define

L, L,
A =B — (=Y AB) =Y AVE .
k=1 k=0
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It is easy to see that i, is zero then
(A" (), Lysr) = (A (2), L)

is the shortest recursion that produ€és, . . ., E,.). From now on we will denote
the sequencéFy, ..., F, ;) asE".

Now we have enough information to present the Berlekampskhaalgorithm:
Let S, ..., Sy be known. We begin initializingh”) (z) = 1, B (z) = 1 and
Ly = 0. The following set of recursive equations is used to compte:
d
A, = A(’_l)Sr i, d=deg A" (z))

J
Jj=

— 61"( (1 - 6T)Lr71
(’" (7) —Ayz | AU (2)
B (x) 16 (1—46,)z| |B"(x)
r=1,...,2t wherej, = 1 if both A, # 0 and2L,_; < r — 1 and otherwise

o, = 0.
ThenA® is the polynomial of smallest degree with the properties

AP =1
n—1

Sp+ Y ACIS, =0, r=Ly,....2t— 1
=1

Note that many terms in the sufy. are equal to zero if we write the sum fram
ton — 1. That is the reason why the sum goes only to the degréé’of) ().
We are going to prove the algorithm using the following twmfeas.

Lemma 3 If the recursion(A"), L,) producesE™~* but notE", and the recursion
(A L,,) withm < r producesE™~! but notE™, then the recursion

(A(z), L) = (A — AITA 2" ™A™ (2), maxL,, L, + r —m)])
producesE".

PROOF Let £ (z) and ™ (z) be the polynomials formed in the obvious way
from E* andE™.

We can write
L., r—1
AN () EM (z) = Z ApF Z B’
k= i=0

k+r—1 L,

— Z ZAkEj,kxj, with j =i + k&

j=k k=0
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and this can be written in terms of monomials as follows
AD(2) B (z) = p)(2) + Aya” + 2" g (2)

with degp™(z)) < L,, A, is nonzero and the monomigl+1)(z) is of no inter-
est.
In the same way we can write

A™ () B (2) = p™ (2) + Apa™ + 2™ gD ()

ExtendingE(™ (z) to E)(x) in the productA(™ (z) E(™ (1) simply introduces
new monomials of degree larger than so (note thay™*") is a different one
than above)

AM () ED (z) = pi™ (2) + Apa™ + 2™ g (1), degp™) < Ly,

If we subtractA, 2" A E() from A,,,z™ A" E() we get

And this has the form

A(z)E"(z) = p(z) + 2"+ g(x)
degA(z)) < may{L,, L, +n— m)]
dedp(z)) < maxXL,, L,, +n — m]

as was to be proved. O

In general, there will be more than one valuenof< r for which A # 0. The

preceding lemma does not tell us which to choose. The foliguemma tells
us that we have to choose thatas the most recent iteration for whick,, is

nonzero. Then the recursion is of shortest length.

Lemma 4 Suppose that (E*') = L. If (A(z), L) producesE®~! but notE®,
thenL(E"™) = maXL,n — L].
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PROOF we know from Massey’s theorem that
L(E™) > max|[L,n — L.
Thus it suffices to prove that
L(E") < max|[L,n — L.

Let0” ! denote a sequencewf-1 zeros, then we have two possibilitids® 1 =
0"~ ! orEn-1 £ oL,

e Er1 =0 1andE"” = 0" !, A whereA # 0. ThenL(E®) < max[L,n—
L] =n.

e E* 1 £ 0" 1 The proofis by induction. Let: be such that

L(E™"Y < L(E™) = L(E™™).

The induction hypothesis is that
LEY) =LE™)=m— LE™"Y) =m — L,_i.

By Lemma 1 we have

L(E™) <maxL, L, +n—m]
=maX{L(E" ' n— L]
=maxXn — L, L]

O

Notice that the matrix calculation requires at m2xsinultiplications per iteration,
and that the calculation af, requires no more tharmultiplications per iteration.
There are2t iterations, and thus at moét? multiplications. Thus using this al-
gorithm will usually be much better than using a matrix irsten, which requires
on the order of?® operations.

4.2.4 The Berlekamp-Massey algorithm in Maple

We want to make a procedure in Maple for the Berlekamp-Maakgyrithm too.
The source code of the procedure can be:
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bm := proc (A)
local B, L, I, t, r, i, x, Dt, dt;

global S, loc;
x := indets(A)[]; #x need not to be the variable
t ;= 1/2*degree(A,x); #maximal errors one can correct
B[O] = 1;
L[O] := 1,
I[0] := O;
r:= 1,

for i to degree(A,x) do
S[i] := coeff(AX"i) #the value of S from the polynomial
od;
while r <> 2*t+1 do #the loop
Dt[r] := ‘mod‘(simplify(add(
coeff(x*L[r-1],x"(j+1))*S[r-j],j = 0 .. I[r-1])),2);
if Dtfr] <> 0 and 2*I[r-1] <= r-1 then dt[r] := 1
else dffr] .= 0
fi;
I[r] := dt[r]*(r-1[r-1])+(1-dt[r])*I[r-1];
L[r] := ‘mod‘(simplify(L[r-1]-Dt[r]*x*B[r-1]),2);
if Dt[r] <> 0 then B[r] := ‘mod‘(simplify(
dt[r]*L[r-1]/Dt[r]+(21-dt[r])*x*B[r-1]),2)
fi;
r:=r+l
od;
loc := collect('mod‘(simplify(L[2*1]),2),x) #the locato r polynomial
end:

With Lis A(x), lis L, Dt is A, dt is 6 and locthelocator polynomial. And the
rest of the remaining variables are obvious.
To check this algorithm and as an example again we are goilogkat the same
code and at the same received word as in the Sugiyama algorith
We have already seen a few times that the locator polynomiahis received
word

AMz)=1+1+aP)z+ (®+a+a®)z® + (1+a?)’
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is. We want to check this with Maple using the above procedyke already
know that

S, = al?
Sy =1
S5 = o'
S, =al?
Ss; =1
Se = o'l

If we identify this with the polynomiadh'2z + 22 + o'*23 + o322t + 2° + a!laf
we can use our procedure

> bm(al"12*x+x"2+al"14*x"3+al"13*x"4+x"5+al"11*x"6);
Where we get as output, as expected, the locator polynomial

AMz)=(1+a>)2* + (@ +a+a®)r? + (14+a)z + 1.

4.3 Forney

The Forney algorithm computes the error veetdrom the error-evaluator poly-
nomial and the error-locator polynomial.

Theorem 16 (Forney) Suppose that (z) has degree.. The components of the
error vectore can be computed as follows

4_{ 0 ifAlw ) #0

_% if A(w™) =0

whereA'(z) = 377, jA;27~" andT(x) = A(z) E(x) moda”,

PROOF: Recall that
ANz)E(x) = =T'(z)(2" — 1)

for some polynomial’(z). The derivative of this equation is
N(2)BE(x) + A(2)E'(z) =T'(z) — na" 'T'(x) — 2"T' ()
Taker = w™, noting thatv™" = 1, this gives

Nw HEW™) + Az)E'(w™") = —nw'T(w™) (4.1)
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The error componen; is nonzero only ifA(w ") = 0 and in that case (using the
inverse Fourier transform)

n—1

1 I | ‘
==Y Ejw¥=_—Ew™ 4.2
o= B = L) (4.2)

Using that equation 4.1 can be rewritten as

—nw T (w™) — A(w™)E' (w™)
N(w™)

Ew") =

equation 4.2 can be written as

o —nw T (w™) — A(w™)E' (w™)
! nA' (w=%)

And the theorem is proved becausgs ) = 0. O

Remark: Since the Berlekamp-Massey algorithm and the Sugiyamarittign
only compute the locator polynomial, we need the theoremv@bmcalculate the
magnitude of the errors made. In the next chapter | will givexxample of decod-
ing a code. | will use the Sugiyama algorithm to compute tlvator polynomial.
If we have the locator polynomial we can easily find on whicmponent an error
have been made. Then I will use the theorem above to caldh@t@agnitude of
the error.



Chapter 5

Example

In this chapter | want to present an example that contairtbaliheory of locator
decoding we have seen so far. We take an arbitrary word, ttaevetard, that we
wish to send through a noisy channel. First we encode thevaats to get the
code word. We put errors into this code word, so that we cat tras to be the
received word and can use the algorithms given before.

5.1 Example using the Sugiyama algorithm

We are going to study again th#s, 9, 7]-Reed-Solomon code ovés;. From
definition 12 of the Reed-Solomon code we know that the gémepmlynomial
for this code has the form

— (@ - a)(z - 0@ — o")(z - a*)(w — 0"}z ~ )
P+ (1+a+a®)® +(1+a)z' + (1 +a)r?
+ (0* +a*)2? + (a+ a*)r + o + o

with o a generator of;¢.
The maple code to calculatgz) is the following:

> product(x-al’i,i=1..6);

Suppose we want to serfd, o?, a, a?, o, a?, a, a®, a) across a noisy channel.
The polynomial corresponding to this vector is

d(z) = a + o’z + ax? + o?2* + o?a? + &*2° 4+ az® 4 2" + a2®.



5.1 Example using the Sugiyama algorithm 43

To encode it, we multiply this by the generator polynongigt) to find our code
word

c=14+a+ao’a,a+a®+a’ 1,1+a*+a’,14+a+a’ 1,a+a?

1+a? 1,04 a+a?1,a,a)
In maple we calculate(z)
> c:=collect(simplify(d*g) mod 2, Xx);

We put three arbitrary errors in the code word, for exampléherfirst, third and
twelveth place, we get:

v= (Lo, 1,1,1+a*+a’, 1+a+a’1l,a+a*1+a%1,0%1,1,0,0)

Suppose that this word with the errors is the received wirel sense word. We
are going to look if we can find the errors and their magnitude.

Therefore we first compute the syndrontgs. . ., S5 with the following proce-
dure written in Maple:

syndroom:=proc(v)
local kK, m, n, v2:
global S, syn;
v2:=v*x; for k from O to 5 do
S[K]:=simplify(add(coeff(v2,x"m)*al"(k*(m-1)),m=L1..
mod 2;print(S[k]);
od:
syn:=collect(simplify(add(S[n]*x"n, n=0..5)) mod 2,x);
end:
We get

So =«
Si=14a+a?+a?
Se = a?+a?
Ss=1+a+a’+a?
Sy = a+a?

S5 =1+ a+a?

We identify this with the polynomial

a+(1l+a+a®+a)r+ (0®+ )2’ + (1+ a+a® + o)+

(a+a®)s' + (1+a+a?)s’ ®-1)

16))
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to be able to use the procedure sugiyama given in sectio.4TAis procedure
with input 5.1 finds the locator polynomial

AMz)=1+0+a+a®)r+ (1 +a+a®)2* + (1+a* +a’)2? (5.2)

To find on which components errors have been made we use aesprgdedure
written in Maple that computes for whighA(a ™) fori = 0,..., 14 is zero:

errors:=proc(loc, n)
local i;
global al;

for i from O to n-2 do

if (simplify(subs(x=al’(-i),loc)) mod 2 = 0)
then print(i) fi;

od;

end:

With loc the locator polynomial( 5.2) and = 16 as input we find that the
components foi = 0,2, 11 are in error.

We can now use the Forney algorithm explained in sectiontd.8nd the error
magnitude:

forney:=-(subs(x=al"(-1), gam)/(al"(-i)*subs(x=al"(- i), dloc)));
Fori = 0,7 =2 and: = 11 we have

ey

€ :—% =l+a+a’+d°

el :—% =1+a+a

with A'(z) =1+ a + ® + (1 + o® + o?)2?, the derivative of\ ().

If we substracte; from v; (for those; that are in error)
vp—e=1—-a+a’=14+a+a?
v9—es=1—14+a+’+al=a+a’+o°

V11 — €11 :1—1+a+a2:a—|—a2
we see that these are indeed the components of our code word.
The last thing to do to get the original word (the data wordpislivide the cor-

rected sense word by the generator polynomial.
In maple

> collect(simplify(Quo(c,g)) mod 2, X);
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5.2 Conclusion

We have seen that BCH codes can easily be decoded usingrideatmwling. Itis a
very simple technique that turns out to be very importansides the algorithms
given in this Master’s Thesis there are many more algoritbased on locator
decoding. All of these algorithms have one common featureir tonstruction
can be traced back to finite fields.

Without these techniques there would be many things in dddyimpossible.
Take for example a CD player: without locator decoding tlepineements of the
quality of a CD would be so high that production would be ingbke. The
error-correcting codein a CD player is based on two Reed-Solomon codes:
[32, 28, 5]-code oveif,s and a]28, 24, 5]-code also ovelf,s . They can both, with
a version of the Berlekamp-Massey algorithm, correct tworsr If you have a
CD full of tiny scratches you will see that it will reprodudetmusic on it without
errors; the code has corrected all the errors. You can insdgw good this error-
correcting code has to be and you have seen how relativeplsiReed-Solomon
codes are.

1This code is called a CIRC-code, a Cross Interleaved Re&afy®m Code



